1.0 - Classifying Real Numbers and Rational Exponents Review

Classifying Real Numbers:

Real
.
Natural Numbers — The counting numbers
l, Z I 3, L/) ce e me T Rational Irrational
. Numb Numb:
Whole Numbers — Zero and the counting numbers r— [ e |

Ol 23y, ...
Integers — Neg counting numbers, 0, pos counting numbers
o T4-3-271,0,1,2,39 .-
Rational Numbers — All numbers that can be written as a fraction

Integers

Whole
Numbers

. . . . . 3
(*if written as a decimal can it be converted to a fraction?) Pa —

- decimals 'H\a+ end (+€fm:'nak) ‘0_2,.-_- (_5— Numbers
S clecimals  That repat 03 = T

[HiHi

Irrational Numbers — Everything else that can’t be written as a fraction

egl EJ {J?J ”’; O.lz 2wz, (paHem bt doesn F repeqt)
Real Numbers — All numbers

Rafonal Gnd  irrational  nombers

Example 1 — Consider the list of numbers: -2, 0, 1, %, 0.777,-2.5,V17, 3\/§, 4,14562972....

qia.. 2
List all:
a) Natural Numbers b) Whole Numbers
3
| (3 018
J
c) Integers d) Rational numbers
Yy
-2,01 %% 20148, 0777 2.5
/
e) Irrational Numbers f) Real numbers

ﬁ} H14S62972 . - all  of Yhemn

Example 2 — State whether each statement is true or false.

a) Every integer is a natural number FQ lSQ
Neg cout Ol‘l,GOun%B cgt.ﬁﬂ
b) All whole numbers are integers Tﬂ/@
0, é;s neg,O, pos
c) Every real number is a rational number FQ /SQ
all numbecs can be
writen QS

fructions



Rational Exponents:

1
When n is a natural number and x is a rational number, x» = /x

Example 3 — Write each power in radical form and evaluate without using a calculator:

a) 10003 b) 2505 o) (—8)3
- o

fzs
10 =-2
=5

I\

When m and n are natural numbers, and x is a rational number,

Example 4 — Write the following in radical form:

2) 260em) 0) 255 )
T §53) -5 = s

Example 5 — Write the following in exponent form:

<|w

a) (¥8)° =6* b) (Y19)° = 19

To evaluate a power with a negative rational exponent,

| a\” b
1) Write with a positive exponent (@C“” X" =% (Z) ) _CT)
2) Re-write into radical form
3) Work from the inside out
4) Write answer with no exponents

Example 6 — Simplify

3 1.52%
9\ 2 5 _
— ip fo remove b) 16 4 —25715
)@Y, D
3 O = — _2’5___ z
- (1 - (i ',
977, |+ = - ,{)@
167 - o3 <ZS
- 9% ; . |
() )
= (m>3 - ) _ o
(\\/01> < 5°
L’g - Z-s- ) — |
- 3 - I
C()Li - |32




1.4A - Simplifying Radicals Review and Preview

Example 1
index
ﬁj\/gﬁ rodicand
Coe(\‘F\'cien"’ roolfcal
Slvgn

Radical Properties from Math 10:

1
1) an = Va as discussed in previous notes

2) an = (a%)m = (Va)™ Example: 161 = (1976)

3) a7 = (@)= (VO™ =

3 fz7
Example: [—
64

Example:\/}\ei J7 Iz
2 N

a

nia
MNP

5) Vab =Va- Vb

3
SIS

)m

3

B

5

2

2
Example: 27 3 =

=R
Y

In this chapter, it is helpful to know the following:

Perfect squares up to 144:
\ , 2, 35, , b*,

H q’
Perfect cubes up to 125:
ll ZJ 33 ‘13 53

7: 8,9, 10
le 25 36 HCI QH 1) loo lZl 14y ..

1 (2%

’ 3 6 1z
113,27 64 125 X, X0, X x®

Perfect powers of 4 up to 81:
o2 3

\l 1@)81._,,

Xt oxt, o x" X"

— Identify and define all parts of the radical, then simplify:

5708

52 =10

' 2 () =

2 4 b & eve
X5, X, XX X=E0
Xd-’vl'lk \773
o{f‘/l'dl_ by L4

When a radical is simplified, an entire radical is changed to a mixed radical (or a mixed

radical is further simplified).

1) Find the largest perfect square factor of the radicand (“under the root”)

2) Rewrite the radicand as a product of perfect square x other factor

3) Square root the perfect square and write that new answer out front of the root
4) If there is already a number out front of the root, multiply them together

(Similar process for cube roots, etc.)

Example 2 — Simplify:

a)v50
= Z?ﬁ\/}:z or ngf
- Jzs Iz ‘ @
- & \)/Z-
index is 2 so ook
for Matchia fPalr_s
Con  remoe  That nomber

fom rodic) S\SV‘

b) V20




2
this allowed- -

why 800t negaives:
n ‘odd" 3 -
‘ts\‘e: P T
Example 3 — Simplify: 1,
2340 b) =54 o 49162

162
= 3@ = ZJ@;;?’Z L/\Vg_z: or Z1\8\127
ooz ew Y,
= Zgg _6 Yz 2 =

What if there are variables in the expression?

Roots of Positive Powers of x — Case 1: When x > 0 in v/x™ with n a positive integer.
The square roots of negative numbers are undefined in the set of real numbers.
Therefore, if x = 0, simplification is easier to realize. We will work only with “Case 1” for
most of the chapter. You will know it’s case 1 because the question will say “assume all
variables represent positive numbers” or “all variables represent non-negative real

numbers.”

For example:

= 1% r= X

Vo = X x? =X

Vi =[x = X% Vad = X

Vit = I =% VE=ex = XTx
Szm:xzm 3 ZJXJ_Xz:XJXz

Va® EE Vs F*

Vi = [ = X e (O

6 2(ve — T = z
D\\/\‘(J—L \7{\! Shot cut = \D—(ﬁ/ = X* = XJ S‘hw+d-c.u+ F— :j‘ + ; <ible JXor i@
ow( O L, divide power byind ,i{ odd one IX e ove- | & Clvide by 3 i noT Ll remore Sords
\ ISR A note about Case 2: When x is any real number in vx™, with n a positive integer
This case introduces complications and restrictions which we will avoid by working with
variables that represent non-negative values. See section |.3in your workbook for an

explanation of Case 2.

Example 4 — Simplify. Assume all variables represent positive numbers.
a) /x7y3 b) 3 x14y9 c) 311
Y (3
= Z}/_;-
v /
Xy xy

~N

>

lurseo+ power Gie: 1242 =14)

thet = 3




1.4B - Simplifying Radicals

Example 1 — Simplify

a)V8 b) V27 c) 352 d) V24
-7 2 (72 = 30713 -[% 3
:ZJ—-Z— =303 =32 J13 :a’J’?
6 13

52

\2,6
\’3

B

Example 2 — Simplify (assume variables are positive)

a) /18x3y® b) /63n7p*
zgx\/’f’Z/X/ = 30 J7n

l /\Zl
Zl\e{ /\7

g) +/162x3y1lz5 h)
=312 x’;;"yg_zc*zu = ”@;
4 3y22 ,,ﬁ‘zxz),zz

b2
2’/ \8(

27
\g

con We do
this 7 Yes sine
_yp odd.
e) 51281 f) V32
=5 jﬁk = Jie-2
- &) z)T -2 U’Z_
= BIs W
32
\{é
l\&



Changing Mixed Radicals to Entire Radicals

radicals.

entire radicals and compare)

4+/3 or 3v5
o - [Fos
_ m = .] 9)(5—
- \J/L]'/S’- 7 _ \J Ys
1yz is luger

Example 4 — Change to Entire (assume variables are positive)

addk inddexy on oS e)(pofenf wilen
mota‘nj oo Numbe~ under the rwl}(a/

a) 5v2 b) 73 o x3Vx
- :S7a/)<3~ = (XB)ZX

X8 X

- :W = JX7

()
NI
N

[

~C

~

b4

\N
M

e) 237 f) 3a%b Vb2c
e <3y b be
:SW - _UE7 &6 bgc

Usually we work with radicals in simplest form (mixed radicals, with the smallest possible
radicand). But we can change mixed radicals to entire radicals. This allows us to compare

Example 3 — Without using a calculator, determine which number is larger. (Change to

st be
S
d) (G2xvéx
= - JZ2x*0x

g)%i/yy2

= 322Ky 2 xy®
5'3
| 25

:’W‘

125



1.5 — Adding and Subtracting Radical Expressions

Like Radicals ‘Like Radicals” work very similarly to ‘Like Terms’.
Simplify: 3x +2x = 5x
Simplify: 3VZ+2vZ =502

Like radicals have the Some index ond Some  codicond

Steps for adding & subtracting like radicals:

() chock AL rodicals ore ke [ not dlon "1 clo any Ju'mP/zﬁ/,‘iy
@ yen, add or sobvuct coetficients, legve.  radicels e e

Example 1 — Simplify

a) 7v3 — 2V3 b) =53/70 — 63/10 ¢) 492 — 532
ndex not the
513 —1l o Sume. | Cannot
d) 2v75 + 3V3 e) =27 + 35 — /80 — 2v/12
29z53 1303 =73 +3ls -5 2373
2573 +305 g wE -us
o 3 +3032 -
= — ——7\)/3- ~Jz
1303

o leter, could ke Oy Nombor-

) VOB — 3vT6, b>0

=3J6 - 3YJb
= In example f, why does b have to be
- - Cf \JT: L=o greater than or equal to zero?

\'F |‘+ WGesS Y\eﬂoj‘{(/e, ) Yhe
coclt C(mdS would become
Neqotive.




Example 2 — Simplify (assume variables are positive)
b) 416 + 33/54

a) /27xy + ./8xy
= Y3go + 31272

:\Xing * JZZij r

= Y2 Z\YZ *3332

= 3\[5(5 + ZJ—Z—?j ] 5+ 9 0T
.7 U2

- can't  Combine forther
Sinte. Gdican’s e
different

d) %3,/16x4y5 — xy3/54xy?
= lé =X§=J Xy 2z ZX)/
_ 33, 7y —52xJ 7y = zZJTy‘ 3xy sﬁ;y/

—10xJ7y
= ZXjWZ

c) 3x,/63y — 5,/28x2y

,3xr17'_y——5fi‘/7§

N\U\ NM

:—Y7j




1.6A — Multiplying & Dividing Radical Expressions

multiplying
radicals

Example 1 — Multiply 2+/5 (3\/3) Verify your answer: (2 J?Xgﬁ

—2Js ‘3-J%

= 230505 (Y.472)(6. 705)
:6\]—5/ :6\)75:6-5:30 :20[/
To multiply radicals:

@ VW(//'HPl\ coefticients

@ My H'/plt/ rodicands (i index s the Sure)

In general: ( N r\\}T) (fj m

= Xy Jab (counting #3)
whece v is o natusl nomber  and Xy o b are

(all  #9 .
(‘ea] Nnumbers , £ n S ewen 020 cnd b =20
/ pos itive Nombo s
Example 2 — Simplify:  a) 5v3 (V6) b) 2v6 (4/8)
= 5116 _g %8
=Y £7—2 - 8 @
= 53z _g4Jz2
- 1sJz - 323
c) =3v2x (4V3x) x =0 d) —2¥11(4V2 - 3V3)
=-lzlex _32Z +6 738
= —|2><J/6—
m — N~ VvV
T+ Y7547 G e

=Y [Ty —20Jzg +3J7 - Is(Ty :30f—3@+/

_HWQZOWTLZJ_—/&]T/
ISJ7 T Xty

:l’lm —Hor;t,g_‘}?——

_Jy - 3797

—

E



dividing

Example 3 — Divide ZLE Verify your answer: ~ ©J12 _ 20 755
radicals 25 7348
=2J2 > 828
- 2.%2% -
To divide radicals: ® Dividle. CO@‘CAQ;Q”‘B
@ Divide.  cadicands (o index Hhe Stume.)
@) Sl‘mpl.‘ﬁy i possible.
In general: with +{‘Q Sare
x Vo x Jf stipulukons a5 iy
y Vb T Yy v adials
also y£0 ,b#0
(5o " b >0)
L -24¥/12 2V/51 18x
Example 4 — Simplify: a) =75 b) a ) NET >0
= -37 =217 - dey




1.6B — Rationalizing the Denominator

rationalizing
the
denominator

‘o ondo ¢~
cobe oot most
e i+

ol =6

A final answer cannot have a radical in the denominator. Therefore, you may have
to ‘rationalize the denominator’ — a process that will eliminate the radical from
the denominator without changing the value of the expression.

If the denominator is a radical monomial, multiply the numerator and denominator by

that radical.

Example 1 — Rationalize:
3.5 2 -
VE e 0

305 79

‘\,

9
QA

g U6 e IR
€335 1 - %, N

2 of Hem sie
tobe oot

&
=z
el

I 3
ISV 36, T e
- 3673 inclax

Can 't CoOmbine _ E

1

X+l

2 AT
g) \/m.ml'
_ 2 JX+I

T x4+



If the denominator is a radical binomial, multiply the numerator & denominator by its

conjugate. > the sume o ie; conjugae of  (Ix-2) is (Jx +2)
mSs + with
Yhe sign changed : .},
Example 2 — Rationalize: Con v JaTe C’IW“}U expand

to o0 diffence  0f Spuae,
(a+b)(a~é) =6 -pZ

3@)
A (=2 ) (7% +2)
- 3[X t6 _J2x 46
—_—z = ¢
Wx) -2 : X 2% -2J%x -Y
= 3& +6 = \J’ﬁ +6
X =4 X-g
b 24v2 (3% +4)
)(3\/3—4)(3\)’?%)
:Q)J’g— +8 +3J10 t4/2 )
(35)% - 4= — WL - > 9516 > 4629
_ @JS t3Jw +4/2 t§
= -
c) \gtg, a,b=0
Jo - J2b Ja + 26
— o +N2ab +HJ2ab + 2&
(7a)? — (Jz6)*
- o +2Jzab  t25 (note: o £ 24)

o —2b



1.7 - Radical Equations

Radical Equations are mathematical equations that include a radical, such as

2Vvex —1 =11

If the index of the radical is even, there are restrictions on the variable: since it is
not possible to find the square root of a negative number, the radicand cannot be
negative.

Example 1 — Find the restriction on the variable:

a) 2vb6x—1=11 b) Vx + 2 =49
bx 20 X+2 20
© 6 -2 =2
x 20 =2
c) 7V—2x + 3 = 35 d) V3x +4=+v2x — 4
—2%x+3 20 3x +4.20 2x-420
S ol 2x2 Y
2% 273 3x Z74 = =z
T{\L TZ_ 3 S __3[1 xZ 2
. s 3 X = =
'Q\\P = )( f— E 3 o
Steps to solving radical equations: x 22

1. Find the restrictions on the variable in the radicand (if the index is even).
Remember, the radicand must be set to = 0 and then solved (if you multiply
or divide by a negative number to both sides, FLIP the inequality).

2. Get the radical all by itself on one side of the equation.

3. Iftheindex is 2, square both sides (if index is 3, cube both sides, etc.) and
then solve for the variable.

4. See if the solution is affected by the restriction.

5. Check the answer using the original equation to see if solutions are valid or

extraneous.
Example 2 —Solve: a) 2v6x —1 =11 b) —8+ 3?3]= 2 o hack
2 v -1 =1 Check ~ G o~
it pot # iaplhe of x 4? : J/S‘ iy RS LS
2{ox =12 s
., Ls RS 2 o -3 JZ;{_ 2
(66" =6 ; (Z)=9 .=
(Q% :% Z@ B 134 =100 x5 —_88, :J:_Z/O_
s
x =b 2 (6(o) | 3y= S0 z /
2§36 -! 3 2
. : = SO :
cepdriction 26 - N
©x 20 2~ r%—\—n‘d ‘onr
6 6 [ -
¥ 20 / 35_220
Q-




reaXriction
x-s 20
X2ZSs
s cion Example 3 -Solve: a) 4 +V2x -3 =1 b) —2vx—5= 16
wa—jo” YyJ2x-2 =| Check . -2 -2
St - © he ~ ° s ZO%
v (zx-3)=k3) I
773 CERECEN ,
Z/_\f/ = 2x-3 =9 Yy Jz-3 /UO 5o’u+l(JY! SX
2 2 i i qg+J9
%= = 2x =12 ;
L B
ol It Jf(\l‘fir&l ign J L Lail .. extranecos
sy o fhaca ,
Sne side  ond gust Mo solution &
Cr negu*i\f@ C,Onﬁan+ Example 4 — Solve:
on Y (‘){'Qf tlere
solutions | a) V10x — 7 = 3vx b) 2Vx =V7x+6
G NO (estric tons solve Check restrictions SolW«.z )z
10y -7 20 L X 20 (2= (7x6.
+ +7 n
IOX7Z7 (m}céﬁ) o7 | 337 7x +66_70 L’X = 77))(:@
o O - - _7 -
YwO cadials x2%  |0x-7 = 1x {e3 7% 26 3 =6
\< ouch and. AT X2 = 2
%e)( one O xZ0 l—oqizq-)f?x” 3(7 So ’ e Al resterct
d + Il restrictions
S'\d‘z’ ’\’\V‘Q/n S({Uﬁl‘e/ X57° 5 X=7 / XxZ O c;e: nzo solvtions!
- 10
no Solvtion ¢
Example 5 — Solve:
x 2~
a)\/x+1=x—1L bym—-+v2m+3=6
(Tx+ )= Q‘")) resrictions Solre
x 4= (x=n)(x=r >0
X+l = X=x=x*I ij.jg_—_z m-J2m+3 =6
X+ = Xz -2% ':ll - > -3 LM—G)ZZ (m)z
- = _Z
xl: $E=2x —= (m—G)(m-G) =2m +3
¥ - =-2 o =2
0= x‘—'sx) fuclor M=z m°-1Zm +36 = Zmr3
= x(x-3
50?\;_'_ ‘}(’M"ﬁ;{{adou g lc_(mz—lqm +33 =0
x=0 ¥X-3=0 (m-11)(m-3) =0
) 33 43
Xx=3 m=1l ,m=3
)(:Ol 2
0ed T FET (tion Chec k<
C/MC k 7 nOne. for QGCh % — Mm=2
=0 %x=3 =l < o
LS RS LS RS LS RS  —
m-Vzms | b 3202 6
Y X =1 Jxa1 | x-—I *
O+ o-l e B 3 - - Q208 +3 3-3 9
\l = a9 2 n-J zs 3-3
‘ 2 -5 O
)
lid solvtion 13 X =3 ( ‘
Only valid =0 Sol tion v =]




