5.1 — Mean, Median, & Mode
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Example 1 — The Blue Jays score these amounts of runs in their last 9 games:
4,7,2,4,10,5,6,7,7
Find the mean, median, and mode:

Mean = gf = 417+2+Y4 110 +5+6+7+7
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Example 2 — Cheesy Burgers Restaurant gets the following reviews out of 10:
8,6,9,7,84,10,7
Find the mean, median, and mode:

M = 8*é+9+7+;+‘f+10+7 = 7375

median = H,6, 7, 7;5); &1, 10 7; - = "% = 7.8
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Example 3 — For 30 randomly selected high school students, the following 1Q
frequency distribution was obtained. Determine the mean, median, and mode.

Class Limits Frequency for ¢ach range of e lass
80 < x < 90 2 limits, wse the m.ddle value
90 < x < 100 9 & hr §0-90, use 85
100 < x < 110 11
Mw |
110 € x < 120 5 datn 55.99,%,&7&‘7&79,”/595,‘75_
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M = 10467
Median i 105
Mode = |05

Example 4 — 10 numbers have a mean of 37. If one number is removed, the mean
is 38. What was the number that was removed?

Sum °f [0 nMnnLu’r = )0 x> = 370
Sum o/ﬁ T nambere = 9«38 - 3H2

NVIML&{‘ ranavy/ was 3 370 "3'1‘2 = (:/2_—3\,

Example 5 — The mean age of 4 people is 39.25. The ages of three of the people
are 20, 35, and 60. What is the age of the fourth person?
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5.2 — Standard Deviation
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How do you calculate standard deviation?
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Example 1 — Find the mean for each set of data.
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Example 2 — Calculate the standard deviation for the following sets of data:

Daily Commute Number of Daily Commute Number of

Time (mins) Employees Time (mins) Employees
0 to less than 10 4 0 to less than 10 2
10 to less than 20 9 10 to less than 20 10
20 to less than 30 6 20 to less than 30 9
30 to less than 40 4 30 to less than 40 3
40 to less than 50 2 40 to less than 50 1
Total 25 Total 25

First, predict which table will have the higher standard deviation. Why?
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Example 3 - Without doing any calculations, what is the relationship between the
standard deviation of 1, 2, 3, 4, 5 and the standard deviation of:

a) 17, 19, 21, 23, 25 b) 100, 105, 110, 115, 120

double Hhe 60\(‘ 5 fimes the & o|£
)‘2(3,,*,5 /,2,5, ‘7‘/5



5.3A — The Normal Distribution Part 1

Data can be distributed in many ways. It can have many more ‘smaller’ values
than ‘larger’ values, or visa versa. Or, it can be very jumbled up, some smaller
values that are common, as well as larger values that are common:
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However, there are many cases where data is symmetrical (or almost) around a
central value, and this is called a normal distribution.
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Normal Distribution

definition The Normal Distribution is a bell shaped curve used in statistical analysis to model
the distribution of values in a data set. Examples of data that follow a normal
distribution are: heights or weights of people or other species, sizes or weights of
goods manufactured at a factory, marks on a test, length of time a battery lasts,
milk produced by a cow in a day, etc. If data follows a normal distribution, it is
easier to make predictions using the data.

The Normal Distribution has the mean (p) in the middle of the curve, & the shape
of the curve is dependent on the standard deviation (o) of the data set.
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Here are some characteristics of the Normal Distribution:
- it is bell shaped and symmetric about the mean
- the shape (tall & skinny OR short & wide) is due to the standard deviation
- the enclosed area under is always equal to 1, which signifies the probability
(100%) of a score falling within the bell curve.
- the curve will never touch the x-axis; it extends to infinity in both directions




Example 1 — What can you say about the mean (u) for each normal distribution?
What about their standard deviations (o)?

M 15 7L/\¢/ Same fvr eao/l curve

Corve | has P smallest &
Cirve 3 har the laraes-f 3

Example 2 — What can you say about the
mean for each normal distribution? What about their standard deviations?
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There are many different normal curves with different p and o. By transforming
each raw score into a z-score, which is a measure of how many standard
deviations the value is from the mean, you can get a sense of how far that raw
score is from the mean compared to other raw scores.

How to Calculate Z-Scores:

_ difference betweenxanduy  x-p
standard deviation o

Z: number of standard deviations that x is away from the mean ¢
Jt: mean

X : a particular score

o : standard deviation

Note that there are just as many negative z-scores (when x < ) as there are positive z-scores.

Example 3 — The test score mean was 76% with a standard deviation of 6%. If
somebody scored 67% on their test, what is their z-score? What about 80%?

7= XM 176 - __(3 AR = N
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Notice that
the z-score is
negative if
smaller than
the mean.
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The Standard Normal Distribution: The value under each area in the curve
represents the decimal value (multiply by 100 for percent) of the number of raw

scores in that vicinity.
4% + 34D = L&D

) | y . 9

GBWa of values pie within
1 standard deviation of the mean

95% of values are within
2 standard deviations of the mean

99.72% of values are within
3 standard deviations of the mean

It is good to know the standard deviation because we can say that any value is:
likely to be within 1 standard deviation (68% chance), very likely to be within 2
standard deviations (95% chance), and almost certainly within 3 standard
deviations (99.7% chance). Anything outside of this can be deemed an outlier.

Example 4 — Professor Hardmarker is marking a test and the following scores

out of 60 result: 20, 5 Zg %g ](«g 2@% %T? % @é &D

a) Any observations?

low f.01 o{\ Seores {ora ]rC!-Jl 0“4 Op 60

b) Calculate the mean: 2573 23 mean of Jest =

M= T

c) Calculate the standard deviation:

(20 7_3)‘+(|s 7,3)‘ (26-23)* + (32-23)7 +(18-23)*
+ (2829 + (35- 13Y+(|H~23)1+(ZL—Z3Y+ (1N — é é5
A .

I

d) The test must have been really hard, so the Prof decides to only fail those
who are more than one standard deviation below the average (he standardizes
the exam). Use z-scores to find out how many people will fail:

P 1 fin..
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5.3B — The Normal Distribution Part 2

A standard normal distribution curve can also be used to estimate probabilities of
many different possible results to a statistical study. We already know percentages
for z-scores of 1, 2, and 3, as seen below:

What is the percentage that a raw

score has a z-score below 1?
100 x (0.0228 + 0.135% +0 3413 1034 ) 3)

g, 13 ),

0.3413

-3¢ -2a -le u=0 le 206 3¢

However, what, for instance, is the percentage chance of a raw score that has a z-
score of below 1.5? We cannot tell using the graphic above. We can use a ‘Standard
Normal Distribution Table’ to find the answer. The table value always indicates the
area or probability to the LEFT of the z-score.
Z=150 on }able = 0.9332

09332 xjvo= 02.30°)
Example 1 - Using last day’s worksheet, let’s answer #2e. The math exam had a
mean of 62% with a standard deviation of 12. What percentage of students
originally earned an A grade (86%)? 9, ,{ thudents bejow 6% = 0. ozzs’w 13594 0. 3413+

So §6% = A+ 26 % above 84% = |op - 7771’ 31@ ‘

Let’s say the university wanted about 10% of the students to get an Ain each
course. Do you think the professor should standardize the scores (scale the test
results)? If so, can you explain how the professor may go about this process (think
about the area under the normal distribution and how this can help)?

Ues, hu should standacdize !

&b is M+ LS 5o C“rwlj 97.72% gaH)vzj below &6

We wint 869 4o be 0.90

N fable 090 hasa z Store of 1.28 (any m, Lm\

S0 any Scote gbhove U + 1288 shiald be an A /7 773&7’4‘"_/}"
62+1.28(2) = b2 +15.3L = 7736

Example 2 — If 1Q scores are normally distributed with a mean of 100 and standard
deviation of 15, determine:

a) the z-score for 128 b) the probability that a randomly selected person has
7= 1380 o e an 1Q less than 128 9695, chance
s look wp 2= 87 on )

table 5 0.4473
c) the probability that a randomly selected person has an 1Q more than 105
7= 105-100_ 34 lookwp 22033 £293% lmve on 1Q [es5 thaa [0S
E ordable 2 0L g 10D-b293 = 37,079 have
o 0 nglf_i_‘\gn |Og



Example 3 — Using the standard normal distribution table, find:

a) the % that a z-score is below -2.57  b) the % that a z-score is above -1.34

~1S7 on = 5.9 chance -1.3Y4 o 7.0(7 bLelow -)3M
Hble ¢ 0,005 Table : 0.0901 55 (0p -a01 = DI4) chame
alowve. -\ 24
c) the % that a z-score is below 1.75 d) the % that a z-score is above 3.31
175 on 9599 "% chance 3,3] on 995" chance below 3,31
fable ¢ 0.95%9 e P 09995 5o 0,05 dhanee ubowe 2.3/
e) the % that a z-score is between -1.65 and [.65 (/ I evera 2000)

16§ u:i;-;u:d" ?.qus— b 2 8 ‘f;"\lw’] —1.6S and |.6S
1. ' i . / e W = 9505 - 44%

| bS o fuble: 0408 |
= 0. .,
75.06% lelov ~15 LbS 40.1 7. chance

Example 4 — The grade point average at Capital City High is 2.6, with a standard
deviation of 0.5. If the top 15% of all students are eligible to attend Uvic, what is

the minimum GPA needed to attend?

%(P |52 Pamue‘ $o loo#?)m 857» X = 2.6+ Loy (oS)
So ool up 085 on Tble fo Y =2.0(+06.S2
3& 2 swe of JOY X = 302 is Hhu minimam
GPA.
Zz = M
pos
o= X -2.6
0.5

Example 5 — A manufacturer of cell phones indicated a mean of 26 months before
there is a need of repairs, with a standard deviation of 6 months. What length of
time for the warranty should the manufacturer set such that less than 10% of all
cell phones will need repairs during the warranty period?

/{A=2é "o .

5= b mo X = |8.31
Ycﬁ\d 2 Scor 1Ct>r Jess thaa 107 The wacrany S‘\owu
0.10 = 2-5coce oF SR be for [Quodhs
2 = XM
[}
=128 =x-2¢
A

L= 26+ (18)(6)



5.4 — Confidence Interval for Means

sample vs Suppose you wanted to find out the average time that track athletes in Canada can
population run a 5K. How might you go about collecting the information necessary for this?
ask “s Ma Y Canadian trac L ﬁ'iHr des as Pojg{\,l{ therr Sk Huw , usi«g
{o YW’OM S dlip }'J

Population: A P“.chinr -\EJIDL'LP‘ fer)l\‘on, or {\J‘)e o{‘ Peo‘)‘e,
) Populaiw'or\ﬁ’x shove 15 all Frack athleles {a (anada

Sample:

o ()or-‘*vn of o Ponln‘Hu "

Therefore, in most cases where data is being collected, a sample is used rather
than surveying the entire population (due to time, money, and convenience
issues).

If you survey a sample of the population to find out the average 5K time, how
accurate will the sample mean (X) be, meaning how close is it to the population
mean (p), the actual average time 5K time of all Canadian track athletes? What
would you think the accuracy would depend on?

-lr\mu mamﬁ P@Or)t qre a(lk—ea( (Ca“«r't fn‘ze)
= f'ﬁf?‘llb'.\mol oU'fJ ~por SLLV\NP'(, <rav\Ao|V\ !amp\ur\j Vs, San, dv\l\l-ef Sah‘)llﬂ;\ﬁj

Statisticians have developed a way to assess the accuracy of extrapolating a survey
mean (X) to a population mean (), by a method called Confidence Interval for
Means. This is based on the premise that the sample data collection was random
(to minimize any bias).

For our example above, finding the average 5K time, let’s say 200 athletes were
randomly surveyed, and the sample mean X = 20 mins. Let’s say a Confidence
Interval for Mean analysis was done. The results would read something like this:
‘The mean 5K time for track athletes in Canada is 20 mins, with results accurate to
within 1.2 points, 19 times out of 20.’

So what does this mean?

1.2 points: |+ means That The mean Fime (/L() conldd be d’ljﬂw'% be Tween
20t 2 min ) so [8Fmin =212 min

19 times out of 20: Fhe moan will be Lt‘/wm /Q?’,l/-)min
19 Faws ouf of 20 tha! you londuct fhe idenpeal §urve5

Overall Result:

The mean Sk fime is 20T 12 min with 169, contidence




Example 1 — A survey was conducted to find the average height of teenagers in
Victoria. 500 teens were sampled and the sample mean X = 165cm. A Confidence
Interval for Mean analysis was run and the final results read like this: ‘The average
height of teenagers in Victoria is 165cm, with results accurate to 5 points, 19 times
out of 20." Describe what this means:

The averase /\e}jh*op %eena,ﬁen " M‘Cﬁn'c\ IS (//fga’m/ éogz:)

bvl%\ 452 COV\'AAJ,V!CC/

How is Confidence Interval for Means calculated?

Most often, 19 times out of 20 is the standard for a survey, meaning surveyors
want to state their results with 95% confidence.

z-score for 0.975 (0.025 + 0.95):
use the table to look up and you
get 1.96 (and -1.96 on the left
end).

The Confidence Interval should depend on the info above, but it should also
depend on the standard deviation of the data (if the data is more spread out,
there’s a greater chance that the sample mean (x) will differ from the population
mean ().

The standard deviation of the sample is symbolized by s. The standard deviation
for the population (which is unknown) is symbolized by o. It is widely accepted
that as long as the sample size exceeds 30, s is close enough to o to use in the
calculation.

The Confidence Interval also depends on the sample size. Asking 1 000 000
Canadians should yield a more accurate X than asking 20 Canadians.

For 95%
Here is the formula for calculating a Confidence Interval for a Mean: ':Z""f"’le;ge'
L, La=1,
4 = population mean 2
¥ = sample mean
- (o) . c
¥-2Z, T <HeX+Z, where Z, = standard deviation z—score sepaated into 2 fails
Y \n t\n :

n = sample size
s = standard deviation of sample

g = standard deviation of population
(same as s if n > 30)




Example 2 — A random sample of 64 teenagers in Victoria have a mean height, X =
160cm, with a standard deviation of 15. Find a 95% confidence interval for the

mean of the population (p).

I S ) )
/ =5am/>/e size = bi = Z’?’{% LYy<=* Z-;'%

:;6/60;&: (n>30) o~ "%(Iﬁi> Lo "%(r-%% |
(60 -24 75 160 + 3675

957 confideuce stsas < po < M3.eTs

S:25 The mean is 160cm with resulb SEeuiie

o ook wp 2 Gcore for - .9 fo 347 ponts, |9 ines ouf of 20
475 % oc 6978

Example 3a — A random sample of 1000 adult male Canadians were asked their

weight, and X = 78kg, with a standard deviation of 15. Find a 90% confidence

interval for p.

75_ 7% lij 7@ = Lé#(;mo) 78 + | ‘fé;)
2"000 79 -~ .78 72 +0.78
71212 < <7%.178

0%

=5 The mean is 78 ky wiTh resmlk
5710 L up 2 Score acturate to 0,18 I)om‘fs, g maes
e out of 0.

Aeas or 045 " 164

Example 3b — Find a 95% confidence interval for p.

78 - me(]jﬁ‘) /8t /-%(;r-f:fg:;‘)
79-093 7%+ 093
77,07 < M < 7893

The mean :s.78/<j with resalb accarsde o 0.73
po"n?ts, |9 Baes onf +f 20

I corredd 452 of Fne
T o e
he @ bt }ﬂfyw.’



