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Logarithms Day 1: Graphing Logarithmic Functions

Graphing the Inverse of an Exponential Function

(SwWwWeA~ X ond.kj3

Use the key points for ¥he. Exponential function to determine the key points and graph for its inverse:

When b>1 ;
=

Exponential ‘ Inverse (switch x and y)
y=2% x =2Y l
/Q\o =
Key Points:
C1.'%) (o)
(0,1 ) (1.0)
(1 ,2) (2.0 )
HA y= O VA k=0
Domain X &\ gv"\\")"\' Domain X 7 O
Range Y > 0O 5 Range \d £

Logarithms

The inverse of an exponential function is another function called a logarithm.

Exponential Inverse
(switch x and y, exponential form)
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y = b* X = l{y
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n ‘logos’— word/speech/logic
" ‘arithmos’ — numbers

Logarithmic form
(solve for y — call it a “log”)

expoend

\’

Upnswoer”

y = logp x

Qba&c b

Note:b >0, b#1

Formal Definition: A logarithm of a number is the exponent (y) to which a fixed value (b) must be

raised in order to get 4ot number (X)

So for the inverse graph above,

. Y
= 2% can be written as y = log, x
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Transformations of Logarithms

A logarithm, like any other function, can be transformed using the principles associated with transforming a
function. The transformation will always be in relation to the basic graph, y =log, x which has the

following key points and basic shape:

y = logp x

Key Points:
(Jps=) )
(1.,0)
(b, )
VA x=-0O

Example 1: Sketch the function i
a:-1 (Vorkeed reftechon)

= -1 —2
% y = —logs(x ’gh:zﬁkou:z.%mw\'*’z)

basic 9(0,91«'-
-\ X
\ZQ«O@} - x(—lx 42 —

vz 1) — (L] )—?(;‘/2,13
((flo)—’?(T;w—)(S , 0
ARSI

VA x= O = x=0 T Xx=2Z

Example 2: Sketch the function
y=log,(2—x)+1 * Ceorronat

basic groph: Y= \O% [% CX‘/Z\LQ f-\};w |
Lﬁ: \\)%,X hovar 209
\ e flech on
¢ = \\ - 12 \

(‘/z,-ﬁ‘ﬁ (“”Z)-\\ ERCRE 65
(1.0)— (-1, 0) =1, "
(2,)—> (2, 1) > (0> 2
VAX?D—) X=0 — X—;z

Assignment: p. 213 #6, 7, 8,9
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Logarithms Day 2: Logarithms

Recall:
The inverse of an exponential function is another function called a logarithm. no E;;e- e-k-: --------------
) ) S n ‘logos’— word/speech/logic
Inverse in exponential form Logarithmic form we ,
n ‘arithmos’ — numbers
\r ,{,‘——/_ﬁ/ \ I ==-=-c=-c=-=z=z===z===========
x=DbY log, x Note: b >0, b # 1
T A

Formal Definition: A logarithm of a numbeggs the exponent (y) to which a fixed value (b) must be
raised in order to get Yy number (x)

Example 1: Change from exponential to logarithmic form
c eye

3= ) 53&9@5@?3 i) 10* = 10000 q: bqlo\oooo

T Ve

Note: when it’s base 10, we don’t always write the base!
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1) logex = 3 v) log7 (x+2) =3
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Logarithmic Domains

Since the inverse of an exponential function is a logarithmic function, the domain of a logarithmic function
is the range of the corresponding exponential function.

= log@ {x € R|@> 0} Remember, the baseis: b >0, b# 1

Example 3: Determine the domain of the following:

) y=-logs(jx—2 i) y= logx+z@
o en (x=9>e

(-21>0 X+220  xiLH % > |
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V—-——\//—\—'/
x>\ Woavers' ol Ahere
reSAViChons-

nverse Log Functions

Finding the inverse of a log function always refers to the relationship between logarithms and exponential
functions.
logo,x=y & bY=x

Steps to find the inverse:
1. Reverse x <> y
2. Isolate the power or the logarithm
3. Switch:  exponential form <« log form
4. Solve fory

Example 4: Determine the inverse of the following

) flx) = 6;x+zl_ 4 ii) y —3 =logg(2x — 5) ( \ teed
X+ Qg & \rtalty
Y=y s -2 109, (29-5) o)

39+?
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AN x-3
2y - (0 = 23'§
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IR S
a—

=
- Lo x-3
conide: Voo, () = 2y S%' " /('O'—Z/:i Els!
S0\ B \Oq (X-\—q\’z' A
ohesy = e
5 3
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Logarithms Day 3: Log Laws

A logarithm is just the A N\e(Se  of an exponential function.
Just like there are established and proven rules for exponents, there are established and provable rules for
logarithms. [nverée P Dperty
Rules for Logarithms (The Log Laws) Note:b >0, b # 1 . \O@\o bx -
® IOgb].:O o logbbzl \OO\X
b=\ ey 2 T
Product Rule: log, xy =log, x + log, y Example: Simplify log, 5 +log, 7
. a ¢
o= logy, X y= by, loa, (5T
o | okl
Xz o xYy= w
c= \oo,Y log, XY =0tC
c
\ = \3 =
i \0g, 79 =169 L+1og,
Quotient Rule: log, % =log, x —log, ¥ Example: Simplify log, 24 —log, 8
o= \oo) L. Y log, &
v 4 e 8
Xz J
- L g log, 3
C= \oBb\i Y
2 \mj X.a-C
" v 9
y A -
log,, § = log . ~loay
Power Rule: log, x™ =n-log, x Example: Simplify log, 16
= a\n n 4
0= log X (&) = 2 log, 2
o. an | n
1= b b = Y \DS.‘ o~
n
an = \09!: €© U ( D
nlog,x = log " m
Change of Base: log, a = %z‘—z Example: Find logz 7 to 3 decimal places

\/: \03;7&' \037(& = "j \OSFM

0= b i
\03%0\1\03,,\9” 1= ogs
"031 Y
\nga i \"37:0\-

l6a ~ b

g, = oy 1
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Example 1: Write log 2—; in terms

of log 3 and log 5

\oo AD “\b%o\
\oi)) 5"~ \og 3

Example 3: Find the exact value of log , 64°
o)
3
log, (4°)
0
\o E’) uh L\

Example 2: Find the exact value of

log s 273
log-,’-rl t 10335
\og—b 2. 1033 Fl
3\033?7 ) l°j33
EIORETQ)!

%ta

Example 4: Find the exact value of log 1 ;—f:-
4

l A loq 2°
R loq
lﬂjl ’2’1_; DS !

\ ! ;ﬁ |5 \03_2‘
Dj{{ \05 S

2 -

Example 5: Expand the follgwing log ; x%yVz
log, L% log,y + \0673(2
¥
2 \957 Lt gyt log, & g

\2log 2 ¥ ey 5log, z |

Assignment p. 221 #1-3 (\20+ $30d2)
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Logarithms Day 4 Simplifying Logarithms

Simplifying Logarithmic Functions:

1. Understand rules #1-6 from yesterday.

2. Do not make up your own rules for logarithms. Common mistakes:

log(A+B) # \D%D;’( \0%% i_x_zi \DSOL—\DSV (log x)? % ’ZlojL

3. Know how to change from exponential form to logarithmic form, and vice versa.
y=loggx & b¥=x

4. Look for exponential/power relationships between b and x in logy, x.

Example 1: Simplify 3log, x — 2log, 3 Example 2: Simplify ~ 721097°

—[ 103151
z 59'
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3 Y
., < bl )
Example 3: Simplify M Example 4: Simphify 5log 9x* = Zlog y®
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1
logax logpx

Example 5: Simplify

\ogaa B \Ogb b
1090 l0g,%

log, & -~ \Oglb

logy(%>

no \ow .

Example 6: Simplify (log; 10)(log45 — log5)

_ (\ogsm\)("’j g)
(j033\0>(lﬂgkfi?5kx‘°)
19910 o9 3’
129 3
L 06,19 (g_wé3>
lo¢f 3

Example 7: If a =log5 and b = log 3, what is logz 45 in terms of @ and 5? O

\093”5 - Eﬁgﬁ?
\06(3)

= log (45)
\og3
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Assignment p. 222 #4,5 and p. 228 #2a-d (Extension: p. 228 #2e-1)
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Logarithms

Day5: Solving Equations T

Using the rules we have established for logarithmic functions, we can now start to solve logarithmic
equations. Remember, an equation has an equal sign, so you can “find x”.

Be careful of logarithmic equations, though: the solutions must be a part of the domain of that function.

y = logpx

Steps for Solving Logarithmic Equations:

a/mck.x&e/\d.'.

Note:b>0, b1, x>0

If NO constant exists in the equation

If a constant exists in the equation

1. Combine logs on each side into single logs with a
common base.

Aim for: single log = single log

1. Bring all the logs to one side and combine into a
single log. The constant(s) are on the other side of
the equation.

Aim for: single log = constant

2. Compare the insides of the logs using the rule

log, x =log, y e x=y

2. Rewrite in exponential form using

logpbx=y & bY=x

3. Solve the resulting equation for the unknown
variable.

3. Solve the resulting equation for the unknown
variable.

4. Reject any extraneous root(s) using:
y=logyx ; b>0,b#1 and x>0

4. Reject any extraneous root(s) using:
y=logy,x ; b>0,b¥1 and x>0

T ConSY ek N tq‘n o

Example 1: Solve for x:

@ q' =

logo(x — 5) = 1 — logo(x + 3)
O log,(%-5) + logg (xx3)= |

Jog [ e6e3)]) = ) :
(%~ Axar3) = o
xZ+3x =S x-S

—% v. . x: G, X': "'&
© ouk xx-Y
C om&t -

\°3(

l.'wf.)

©) a =
0O = x*-2x-3M
O = (w-bY x+Y) —

Example 2: Solve for x:

®

logs(x — 2) + logz 10 = logz(x? + 3x — 10)

\0%3(_(7(-7_3 -\03 = \0033 (x’q-3;«\0)

C no C'V‘S*"":*—A

@ S chedes sk

) Wx-2) = rF3Ix-\0 Lk D Comes
R -\ Q
\oyx -20 = ~ ¥y 3 x-) N
® O ° 7"7)(—{-)0 \:5;2 2)
- oo
O = (_7( —-S’)(»‘-’z’ : AL
ng; X%{; zS



Steps for solving Exponential Equations:

If you can change to the same base
(we did this earlier in the chapter!)

e.g. 9x+2 — 3x—1

If you CANNOT change to the same base

e.g. 5x+2 =2. 32x—1

1. Change all powers to the same base

1. Simplify if possible, then take the log of both
sides (base 10)

2. Simplify into a single power on each side
Aim for: single power = single power

2. Use log laws to move exponents in front of each
log.

3. Compare exponents using the rule
b*=bp" & x=y

3. Expand out the logarithms; move logs containing
variables to one side, and logs without variables to
the other.

4. Solve the resulting equation.

4. Isolate and solve for the unknown (usually by
factoring out the variable). Simplify to a single log
if possible.

5. Determine a numerical value of the single log (if
possible)

Example 3: Solve forx: 5%*2 =2.32¥"1

o log (™) Loy (23

ccl-\%c'k Cont ReRt P

2%

Pssigamerd® Qg 22 1,
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Solving Log Equations: with a twist
Expressing equations in terms of stated or defined variables

Sometimes we have a question that only contains variables and we need to solve the logarithmic equation in
terms of the stated variables. This is just a slight variation on what we have already looked at, just with no

numbers. aum@v
" Sing le \og 'S‘tjul'@

|
Example 4: Solve for A interms of Band C: 2logA — 3logB = 2logC

\ogA™- 1oy 8% = VKT

o (A }— 03(C1>

7z T
2o
B
AL - o
3.

Solving Log Equations when the bases don’t match ( U(\M% hese

Examplezﬁ: Solve forx:  3loggx +logzx =5 Qew Ve Loz
?( )4 gy x=5 7
Z
10939 37=X
(x} \oob_s(xﬂ:g 7 _
e -
(] = g
inerse | M - \0(32@(3
A
. (1\: \0
C,\‘('O( 3 \chﬂtx 3'\' 00,]3
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Chomse of bage. Get x o“*:o-fbm',

l/

Example %: Solve for x: 3logg x — 2log, 8 = =5
Z\qu’)( -2 ,I,Wj'e!?),— -5
|09 e X
ved b Ydee Floge X — 2 =5
Lepchions” bid logg X
LSy o e
th(:usu*.-
) e ?) e ™ _& - -5
Q= \088)( A
Nowo T = 9 =Z-Sa
Qe 36
Lrack oS-
2at+Sa - 2= 0O
(2a-DMa12)=0
5 & = =2
a:3 o
Redne o\ Nt XL
badk 7 \003%’)( E) Js
CL;\‘597‘
1 ~ 2
3% = X G =X
ik X l
Ohe the v

Assignaent:  p.229#3,5,7



Logarithms Day 7: Applications

Using the rules we have established for exponential and logarithmic functions, we can now start to apply

these to real life situations.

Recall from previous chapter:

Compound Interest

nt

A=P(1+%)

Discrete Growth

Continuous Growth

F = [e™

D Q31828 .-

The Natural Base (e) and the Natural Log (In)

The natural base (e) is so useful, that its inverse has its own name:
The inverse of e* is log, x which we call In x

“In” is “the natural log” (log base “e”) and is pronounced “lawn”

Just like there is a [log button on your calculator, you will also be able to find a [In| button.

Example 1: Eric inherits $10 000 and invests it in a guaranteed investment certificate (GIC) at 6 %. How
long will it take to be worth $15 000 it is compounded a) monthly b) continuously?

0:) Cov {)va\d-u\ oLy
<
DBV: © L \ ¥ ?\’B 2%

0-0b
A = isoo | \sooe = L0 oo (L5575

13

r-0.0b| loow

\at
-\2 _ —
(J;:? (.S = (\-OOSB

1D 00®

>
\OQ(L"Y>: \09 (],DOS‘\

log\.i = 2% -hg(\.bo@

\ o &D%L\00€>

12 Qw,l L\,00T>

LAt = €
o) o FTF yors

) Conpowded (st l\wcuS\v\\ :

[ - 17000 Bz Te™ out
TOW | oo o100 (8
= 00b| =% T o e
:7_ ,DL'%‘
E Rl =
0okt
017 = €
QLT = OOk
To ook



Example 2: A major earthquake of magnitude 8.3 is 120 times as intense as a minor earthquake. Determine
the magnitude, to the ne

arest tenth, of the minor earthquake.

(Q@L\Jr}\'f S M,DB

S g i)
"’ 20 g
o w120 6. 2208 =X
o€ - 120 1" o
N=%.2-X L\fj/ - The vwainor Lactigucle
\og,, (120 \ 2.0
_er-x % waasuoes .2
2074 | 6Ll 216 5%= (O (}q,Y\/\o_QAC)/\-\Qf
~ = 6.2208% Scole.
Example 3: The half-lige of carbon-14 is 5730 years. A bone sample is found to have 49.5% of the C-14
remaining. Determine the age of the bone.
S « Jog 0498
VP B JG/Q 't_“ S#30 l}&ﬁ
E= 1((\ F= 1 ((\ L UQ/DQ)L‘L)
L\ 573D
F=4a5 () 4q.5 = LOD (=) }= 5813.08
T - 100 () T 100
| VARER ~
= /a 0.44S = ( %ZT> Tie bose (S
p=5730 oz G813 ocs
- Aegl@Y Y| Taa®™
%\/\M\G’LQ& bg (0}&() = /Q_yf,(j 0
£:"

Iagotar = & Jogl)

SF#30

Example 4: The population of a fish in a lake is increasing at a rate of 3.5% per year. How long will it take
the fish population to double?

Q:’ 16(% 9= \’€o-o3§%
y O
Bz (“dpddes 2= e
l:\ o.o'.)Y%
r: D,O?Y LQ/'\ a: Qﬂ &
t: 7 _/Q/\ = 0 03%S '{T
ooy EEEs
| 1950y = %
Assignment: p. 236 #1-11
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