Mr.Black - Math 9 I
Unit 1 - Square Roots, Powers, and Exponent Laws

Chapter 1 - Square Roots. Powers. and Exponent Laws
1.1 - The Real Number System
In math, it is important to be able to discuss different types of numbers. Some are

positive ( 4 ), some negative ( -37 ), some can be written as fractions ( 72 ), and
some can’t be written as fractions ( 7). Also, what about numbers that are neither
really positive nor negative, like the number 0?7 They all must be classified into
SETS.

Number Sets:
First, are the NATURAL NUMBERS (a.k.a the counting numbers).

They start at “1”” and go up one-at-a-time: {1, 2, 3, 4, ...... }.

Natural Numbers Symbol: N |

Before we can discuss the negatives, we must include 0. This inclusion of 0 creates
a whole new set. Known as the WHOLE NUMBERS.
{0%1525e3 0l s }

Whole Number Symbol: NO or [’[’

Now we can include the negative numbers. This new set of numbers, which houses
negatives, zero, and positives is called the set of INTEGERS.
{0s-3,-2,-1,0,1,2,3, ...}

Integers Symbol: Z

Notice that until now, every number we have observed goes up or down
one-at-a-time. But obviously, that is not always the case. The RATIONAL
NUMBERS can now be introduced. These are numbers that are either terminating
or repeating; they are numbers that can be written as fractions.

Rational Numbers Symbol: @
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1 ~5  — 4
=0, —4,7, 2.67, 2.67,£

Rational Number Examples: [ . NE)

Note A: fractions can not have denominators equal to 0. Eg. 4/0 = undefined = @

Note B: fractions with denominators equal to 1 are often re-written without a
NP

denominator at all. Eg. 1 1

Note C: Both the numerator and denominator in a fraction can be integers.

Note D: There are an infinite number of numbers, but there are more rational

numbers than there are integers, and more integers than natural! Why is that?

Some numbers are unable to be expressed as fractions because they do not
terminate, or repeat. They are known as IRRATIONAL NUMBERS.

Irrational Number Symbol: ([;_D
(/3.7 e, 5.5454783928495. ..}

Irrational Number Examples:

All of the numbers listed above, make up the ultimate set, known as the set of
REAL NUMBERS.

Real Number Symbol: R

BONUS: All the numbers you can think of probably fall under the set of Real
Numbers. If a number falls outside of the Real-Number Set, it is known as an
IMAGINARY NUMBER. Imaginary numbers, most importantly, allow us to solve
negative roots! You won’t be tested on this in grade 9.

Imaginary Number Symbol:i =N 1

Examples:

\/—9:\/9><—1:\/§><\/—71:3><i:3i
i2=(/=1)%=y/—1x/-1==1
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Activity: Place the following numbers into the appropriate zones:

{0.121,18, — 1, O, x}

VENN DIAGRAM
REAL NUMBER SYSTEM
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© s ‘Z\ \ \\\

/ IRRATIONAL
/INTEGERS ‘-~
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True or False: All Rational Numbers are Whole Numbers.

fale
0|1\ 1S radier| gk ot plole

True or False: All Natural Numbers are Integers.
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1.2 - Square Roots
When a number is multiplied by itself, we say the number has been “squared.”
Eg: 3x3=3%=9

The reverse process of squaring, which finds the original number that was
multiplied by itself, is “square-rooting.”

\/E=4 as 42 =16

Here 1s the full cycle:

5x5=5%=25 \/25=\/5—2=5

The symbol v is known as a radical sign. It indicates the operation of square

rooting a number. "
In full it looks like this: A\GX¢

2/ 36

( a |

We have investigated numbers like 9, 16, 25, and 36. These numbers are known as
perfect-squares as they have rational square roots - they will pop up often on your
math journey so it is important to be able to recognize them. Perfect squares are
relatively uncommon, most numbers are non-perfect -- we will investigate these in
the next section.

Perfect-Squares worth knowing:

12 =1 22 =4 32=9 4% =16 52 =25 6% =36

7% =49 82 =64 92 =81 102=100 | 112=121 | 12%=144

132=169 | 14°=196 | 152=225 |20>=400 |25°=625 | 100%=10000
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Examples:
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1.3 - Square Roots of Non-Perfect Squares
As seen in the previous section, perfect squares are numbers that have rational
square roots. In this section, we will explore non-perfect squares, numbers with
irrational roots. For example, the square root of 10 produces an irrational number
(one that does not terminate or repeat); because of this, finding the exact value of
non-perfect squares is an impossible task, we will instead learn how to

approximate such values.

Question: Of the numbers from 1 to10, how many are perfect squares?
Answer: Three. 1, 4, and 9 are the only perfect squares. The rest are non-perfect

squares.

Example: Using a calculator, find 10.
o 2

Approximating Square Roots without a Calculator

To approximate the square root of a non-perfect number, we must have the

knowledge of which perfect-squares surround that number -- this will tell us the

whole number value of our answer. The relative position of our non-perfect

number will provide us with the appropriate decimal approximation.

Example: Without a calculator, approximate the \/g to the nearest tenth.
f
2

—— LET e T

5\2,

Example: Approximate r\/B—O to the nearest hundredth.

./“ - \
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The Pythagorean Theorem

The Pythagorean Theorem is one of the most fundamental formulas found in
common mathematics and has been applied for thousands of years. The
Pythagorean Theorem describes the relationship between the sides of any right
triangle.

Formula: a2 + 5% = ¢2

A
x ngo%musz
¥ - lorg)@y Side
Leﬁ\g “”i"-‘? b “ - oppaSe  q0° 4
- Skordes than € wh
_andschomagte | 2
iy s

Examples: Solve for x to the nearest tenth, in each of the following triangles.

a) (Erbr=c?
7 N
By ) =X
gs
: qx16=
5 -y -
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N
b) ol rio= Tos 122 _ﬁe
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. 141 .
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There are a few special triangles that have whole numbers for all three of their
sides -- examples include triangles with side lengths of 3,4, and 5, or 5, 12, and 13,
or 33, 56, 65. Such perfect whole triangles are known as Pythagorean Triples.
Interestingly, multiples of any of these triples also hold. For instance, since 3, 4, 5
1s a Pythagorean triple, so is 6, 8, 10 and 9, 12, 15 and so on!
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1.4 - Defining a Power
Any number that 1s added to itself a bunch of times can be simplified by the use of
multiplication. For example, 4 +4+4+4+4 =4 x5
But what about repeated multiplication? For that, we can use exponents or powers.
For example, 4 x4 x4 x4 x4 =4 and is read “4 to the power of 5” or “4 raised
to the 5th power.”

Exponential Notation

43 —-32  (-5¢

Base =4 Base =3 Base =-5
Exponent =5 Exponent = 2 Exponent = 8
Answer = 1024 Answer = -9 Answer = 390,625

The Product of Negative Numbers
When working with exponents it is important to know:
1) Whether the base is positive or negative

2) Whether the exponent is even or odd

Remember that:
1) (+) times a (+) is a (+). Rule: All positive — positive.

2) (—) times a (—) is a (+). Rule: Even number of negatives — positive.

3) (-) times a (+) is a (—). Rule: Odd number of negatives — negative.
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The brackets will inform you if a base is positive or negative. In general,

Rule: (—x)" — base is (—x) Bg. (=3’ =(=3)x(=3)=9
Rule: —x" — baseis x Eg. -adk=irednemls=m=0

This is due to the fact that in BEDMAS (or GEMA) the Exponent acts on the
variable before the Multiplication of the negative does. If the variable is within
brackets, the exponent works on everything within; but if there are no brackets, the
exponent only works on the variable itself, with the multiplication of the negative
coming after. It is very common to quickly glance at a question and misinterpret
the base, changing your solution significantly, take your time to ensure proper
comprehension of its correct value.

Example: Determine if the following solutions are positive or negative.

) -1 - _() by —2' > (O

o Pancn

0 (-3) —» [/ d -5 - _C&

e) 4 — @ f) -1 — (+)

Summary: Given x>0,

even = odd . . .
(=x) " = positive (—x)" " = negative — [ A0 Bl = negative
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One, Zero, and Negatives as Exponents

Fact: any variable to the power of one is itself. Eg. GiE=35

Fact: any variable to the power of zero is one. Eg. 5% =1

Fact: negative exponents become positive if written on the opposite side of the

1
_ 3

division bar. Eg. i-_% iz

Observe the following pattern:
2 =2x2%x2x2=16

23 =2x2x2=8

2?=2x2=4
2'=2=2
2°=2=1
Fh=pr=0

2T xpax2 16

Summary for exponents of 0 and 1:
a' = a, for any number a

a® =1, for any non-zero a

Note: 0° = undefined
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Evaluate

a) 95% =1

0 3) =1

e) -4 =—1

9) (a+b)’ =1

i)a+b0=a+1

Kabl=a-1=a

b) 8' =38

d -4’ =1

f) 0° =undefined

hy @ +0°=1+1=2

i) @)’ =1

D 2a%) =@y =2'=2
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1.5 - Orders of Operations

Take the statement:
20-3(2+3) x2

While there are multiple ways of simplifying the problem, only one will lead to the
correct solution. The proper order of operations is defined by the following

acronym:

Brackets

Exponents Groupings
Division Exponents
Multiplication Multiplicative
Addition Additive
Subtraction

With the following rules:

1) Work starting from the innermost brackets
2) When there is a tie in hierarchy, move from left to right.

So to solve the above problem: 20 -3 x (2 + 3)2 X2
20—3(2+3)° x2

=20—3(5)> x 2
=20-3(25) x 2
=20-75x2
=20 - 150

=—130
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Simplify:
a) 3+5%-2 b) (=3+2)+8+2x4
= 3129-2 = (- +§=2x4
- 242 =l 4l
" Rl gL
= |15
) (2-5)+4°-10+5 d) 3+5-(=1)x7
234025 = 265 (-P
rd ’3%,6",045 :54,5_*,?
z =3+ 16-2 - 943
z 13-2 -
0 = (5]
e) (4—1) +15+3—1 fy #T-1+3%x2
- 341543 - RNCOECIE
C2 -\ 4
:q4+167% - 2_1+9x2
=9+ 5-| 2 3
_ _ — = 24| +
ENEE) RES
g) 10-(3+4+2)7°+15 h) 22 -8+ (-1)" 4
10-(3+3) +15 . 1o g+ (-4
?\O—(5Y+l5 T
2 lo-26 +15 = 1o-§+1 -4
; @ = A+HI-Y
- 3-4H
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1.6 - Exponent Laws
In the following sections we will investigate how exponents interact with one
another.
Multiplying with Exponents - “The Product Rule”
The Product Rule: When exponents of the same base are multiplied, the exponents
are added together.
am x a*=a™" (a#0)

Take the expression: 8% 21
The expression can be elongated:

(2x2)x(2x2x2)=2x2x2x2x2=2°=32

5
Therefore: 22% 2% =227 =27
Notice: The base does not change!

Common Mistakes:
a) 23 x 24447 Error: Multiplying the bases. Should be left unchanged.

b) 23 x 2% 4212 Error: Multiplying the exponents. Should be added.
Examples: Simplify, but do not evaluate.

a) 36 . 35 =36+5 ___3][

b) (41)(@)4) = @)@)EH) =47 =40

o 2°-3?.2° - plmntmelenitastentyet

d) 52X53+54=52+3+54:55_+54
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Dividing with Exponents - “The Quotient Rule”
The Quotient Rule: When exponents of the same base are divided, the exponents
are subtracted from one another (the denominator is subtracted from the

numerator).
Z =gm " (a#0)

an

54
52
The expression can be elongated:

BxBxsxS . BXpxhx6 _ IXIX5X5  pys e
5X5 Bx 7 I

Therefore: % =52 =52

Notice: The base does not change!

Take the expression:

Common Mistakes:
a) 512 # 1'% Error: Dividing the bases. Should be left unchanged.

b) 512 7 56 Error: Dividing the exponents. Should be subtracted.
Examples: Simplify, but do not evaluate.

o) 3%+3° —pfnliead

n @) @)+ @SR h gl =g
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Zero Exponent Proof
Earlier we learned that anything to the power of zero equals one. For the reason
this is true we can turn to the quotient rule for an elegant proof.

Take the examples:
=1

==

w
I
p—
L
Il
—=

But from the quotient rule, we can see that:

) .
N
X

. 4 4
And since, % = 1,and % = x°, then |

Combined Operations
We can now do more intricate examples now that we have discussed the product

rule and the quotient rule.

) (-3) -3y 3 10 -
~\x3‘+x53 —_-\x§+ = =V X3 = (—3)

| &

1;) (-3)°+3° 73
5513: 373
c) 38-3%.3%

9,2

5

v v
6 (%1 V97 - U3
d) £ +3)3)

b Ty
4 3)(%)

gb -FB)HG ~---+5é - Q

&’;*2 o) g 4TS )

1
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1.7 - Power Rules
Exponents of exponents- “The Power Rule”
The Power Rule: When raising a power by an exponent, the exponents are
multiplied together, the base is left unchanged.

(am)’{ = g™" = g"n

Take the expression: (62)3
The expression can be elongated:

()67 < (6x6)(6x6)(6%6) = bxbxGrbxbeb = b

Therefore: (6°)’ =6~ =6°
Notice: The base does not change!

Examples: Simplify, but do not evaluate.

ey =g

k) (é)6 . x—2><6 = x—lZ = _%

X
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Raising a Product or Quotient to a Power
The power rule can also be applied to both products and quotients. But be careful,
1t can not be applied to sums or differences. We will observe these here.

What we can not do:

()c+y)2 % x? +y2
(x—y) #x* =y

What we can do:

(- y) =2 y?

2

) =(5)

Raising a Product to a Power:

(2%x6) =2%x6)2%x6)2%6)=(2x2x2)(6x6x6)=2>x6
Rule: (ab)’ = a"b"

Example:

(a4 x b3)5 _ azo » b15

Raising a Quotient to a Power

@ =GHdG=ED=2

i1

Rule: (4)" =4

Example:

(&) = (%)
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Summary:
Example Expanded Simplified Exponent Rule
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Notes:

21



