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Chapter 9 - Similarity and Scale Factor
9.1 - Scale Factor
One of the most underappreciated mathematical applications is the concept of

similarity and scale factors. We use it all the time, in road maps, astronomy,
trigonometry, and beyond. Scale factors allow us to imagine full-sized objects in a
more manageable setting.

Similar Figures:
Take two triangles of different sizes. D
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The figures may only look alike, but they are also related to one another
mathematically. Furthermore, information about one of these triangles can provide
us with enough data to solve problems about the other triangle. For instance, we
can see that if the legs of the larger triangle are twice the size of that of the smaller
triangle (this is known as the scale factor) then so too must the hypotenuse be twice
the size. -

So what is the length of the hypotenuse of the smaller triangle?
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Now obviously not every two objects are related in this way. Take the following
polygons:

While these two objects are both trapezoids, they are not mathematically similar to
one another. The data from one, can not be transferred to tell us anything
significant about the other.

For two objects to be mathematically “similar” three facts must be true:
a) The two objects must be fundamentally the same shape
b) The corresponding angles are the same
¢) The corresponding lengths must be proportional.

The symbol ~ indicates that figures are similar to one another.
For example for our above triangles, we would say that AABC ~ADEF with a
scale factor of 2.
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Scale Factor

If two objects are similar to one another, we then care about their relative scale
factor (the magnitude which states the proportional relationship between the
corresponding shapes). To find this value we must first name the two shapes --
original is known as the “object” whereas it’s similar shape is known as the
“image.”

) _ image length
FORMULA: Scale factor T

e [f the image is the same size as the object (like your face in a mirror, or
drawing a perfect life-sized painting of an apple) we say the scale factor 1s
one.

e If the image is larger than the object (like when making drawings of ants or
atoms), the scale factor is greater than one. This is known as an enlargement.

e If the image is smaller than the object (like when drawing a map, or making
a model of a plane), the scale factor is less than one. This is known as a

reduction.

Notes: -
1) PA is the distance between point P and point A; BC would thus be the distance
between point B and point C. It is pot to be confused with P x A and B x C.

2) While the object uses letters ABCD for each vertex, the image uses A’'B’C’D’
(read as “A-prime, B-prime, C-prime, and D-prime”) to denote the corresponding
points. It is vitally important to label your drawings correctly, be careful when
labelling as some images may be rotated or flipped from the original objects.
There are two ways of finding the scale factor of similar shapes.
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Consider the following diagram:

C'- -

Method 1 (most common): The measure between corresponding vertices.

_ Imagelength _ 4'B’ _ B'C' _ C'D' _ DA’
Scale Factor = Object length ~ 4B~ BC  C A

Method 2 (less common): The measure between the centre point of each object and
their corresponding vertices. Let P be the centre between two similar shapes.

Scale Factor = Object length P4 PBE _ PC PD

Example 1) If PB is 16, find the length of PE and BA. Use the scale factor formula

to confirm. T \
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The sum of interior angles
No matter the size of a shape, or even what the shape looks like, the total sum of

all of the interior angles is a standard value solely dependent on the number of
sides the polygon has. That means that every possible triangle has a total
interior-angle-sum of 180° and every sized trapezoid will sum to 360°. This
relationship can be defined by the following formula (where S is the interior angle
sum, and 7 is the number of sides):

FORMULA: § = (n—2) x 180°

Example 2) Find the interior-angle-sum and determine the value of the missing

angle.
a) b)
5{19,2))(!90
5= !{ﬂ"\)
C= 130" T
D .30 S:g,.z\))ugo
S= 1xtfo
S=150°
c) d)
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Example 3: Determine if the following shapes are similar. If they are, determine
the scale factor and solve for all unknown angles and sides.

a)

A .5 o
o5 ° [o0"
A g\ D
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Som of infecia anfes (nﬂﬂﬁlfo = (4D 1% =3¢60°
object' 3bo < (1082 ¥(+fo) = (007 Inafes 360-( (0515009 = 5o
* ABD ~ ABCD
&ql& Lia'ﬁfo DC' 2.5 @ BC"@ So %l l éx’('@
AB=9 S AR'=4xt.5=[6]

Av =44 5 |pr=bs )
b) AD = T3
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9.2 - Similar Triangles
Recall that two polygons are similar if:
a) The corresponding angles are equal
b) The corresponding sides are proportional

For the following two triangles:

A C D F

1) ZA=+4D (May also be defined as ZBAC = £LEDF)
2) «1B=¢E (£ABC = £FED)
3) £C=+«F (£ACB = 4DFE)

Therefore, the two triangles are similar, and thus have proportional corresponding
side lengths. This can be written mathematically:

AB — AC _— BC
AABC ~ADEF thus 07 = 72 = ¢F
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Similarity Properties in Right Triangles

The Altitude Property:

The altitude to the hypotenuse (a line that forms a right angle with the hypotenuse,
and originates at the right-angle vertex) of a right triangle, forms two new triangles
that are similar to each other and to the original triangle.

A

AABC ~ ABDC ~ AABD %m—mﬁ,ﬁmﬂmw £~

Example: If d=5, e =11, find c.
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The Parallel Property
If a line that runs parallel to a leg of a triangle is drawn through two sides of a

triangle, it forms a similar triangle.

Example: If e=4, b =15, and d= 6, find /.

e b 4. b
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The X-Angle Property

Two intersecting lines form four angles. The angles opposing one another are equal

and the sum of the four angles equals 360°.

Example: Ifa=5,d=28, f=10, find c.
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9.3 - Similar Polygons
Recall:
1) Two shapes are similar if the corresponding angles are equal sides are
proportional.
2) The sum of the interior angles can be defined by S = 180(n — 2)

We can fully apply what we have discussed about triangles to that of polygons.

If Polygons ABCDE and FGHIJ are similar, then:

AB _ BC _CD _DE _EA
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Example 1) ABCDE ~A'B'C'D'E’ .

%

Find a) 4B
b) 2C’
c) CB
d) D'E’
e) the scale factor

) <B=5H4°
b <C'= (o8
) 8 . A
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Example 2) ABCDE ~A'B'C’'D'E’

12

Find a) 24
b) 4B’
c) CB
d) D’E’
e) the scale factor

o) <A =\00°
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Notes:
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